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A NOTE CONCERNING A GYROELECTRIC MEDIUM

Abstract

The fact that a homogenscus electron gas when immersed in a
uniform magnetostatic field becomes electrically anisotropic, i.e.,
gyroelectric, is placed in evidence, Thes permeability of the gas

remains equsl to .that of free space, but ity dislectric constan

4a
a0

(32

ransformed to a dyadic or tensor upon application of the magneto-
static field. The properiiss of the dielectric tensor are such that
a2 plane electromagnetic wave propagating through such a medium under-
goes & Faraday rotation. This rotation 1s the dual of the Faraday

rotation produced by gyromagnetic media,

The dielectric %tensor of the electron gas is deduced and the

Faraday rotation constant is calculated.

Introduction

It is well known that an idealized electron gas has a permnea-
bility g and a dieleciric constant € = = (1-@02/0)2) where i
and Eo ars the permeability and dielectric constant of free spacs;
We is the plasma Irequency, and o 1s the frequency of the wave
propagating through the gas.(l)

However, when a uniform magnetostatic field is applied, the gas
becomes electrically anisotropic, This anisotropy is due to the fact

that when an electromagnetic wave propagates ithrough such a medium the

convection current of electronz has not the same direction as the




2e

electric vector of the wave. Consequently in such a wedium B = Mo H &nd
D=(£): E where (&) is ths dislectric tensor.

The calculation of the componerte of the dielectric temsor con-
sists of first calculating the velocity of the electrons in terms of the
electric vector E of the wave propagating through the medium, and then,
Irom a knowledge of this velocity, deducing the convection current of ihe
electrons. By adding to this convection current the free space displace-
ment current of the wave, the total current density is obtained. The total
current density is thought of as a displacement current in an anisotropic
dielectric, and thus the components of (&) are calculated.

And from the components of (&) expressed in terms of o, Wgs and
0g vwhere mg is the gyrofrequency, in a stralghtforward manner the
properties of a plane electromagneiic wave traveling through such a medium
in an arbitrary direction with respect to the magnetostatic fiald are de-~
termined.(z)

The direction of propagation of importance to microwave applica-
tions is the one in which the wave travels parallel to the applied
magnatostatic fisld because it is in this direction that the gas produces
s Faraday rctation of the traveling wave. The Faraday rotation factor is
easily determined from the fact that the two waves which travel in this
parallel direction are circularly polarized in opposite genses and have
unequal velocities. And hence a superposition of the two ylelds a "linearly"
polarized wave which rotates about the dircction of the appiied magneto-
static field,

And, of course, for propagation perpendicular to the direction

of the applied magnatostatic field the Cotton-Mouton effsét(B) is exhibited.



Since an electron gas with appiizd magnetic field produces

Faraday rctation, It can be used as a nonrecipiucal microwave circuit com-

(k)

ponent. This aspect of the prchlem will be discussed elsewhere in

detail,

Dielectric Tensor of an Electron Gas with Applied Magnetostatic Field.

We deduce the dielectiric tensor of a medium consisting of a homo-
geneous electron gas immersed in a magnetostatic field g(). When & plane
eleciromagnetic wave whose electric and magnetic vectors are rsspectively
E and H travels through the medium, each electron is subjected to a
force F which depends on the electronic charge q and the electronic

velocity v according to the well-known relation of Lorenta:

E = gBegl yx il & quxl (1)

wherein Ko is thes permsability of free space. Applying Newton's law to

each electron of mass m and neglecting the second term on the right aids

of (1) we obtain

E ]
o
ot
1<

= qE+quxB (2)

In this eguation v snd E are real vector functions of space and time,

and BJ 1s spatially uniform and independent of time.

Our first task iz to solve {(2) for the velocity ¥ . To do this

we differentiate (2) with respect to time,

a2

_ a.
at?

d
o I=agglragge=

{to

5 (3)

and ther postmultiply vectorially by go F



b.

a? d d ,
m—5 ¥xB = aqyExB, talgryxB )xpB . ‘)

¥ultipiying (4) by q/'m2 and using a well-known vector identity to trars-

form tho right side, we get

2 2 IS 2
99 -4 4 M S = 8 )
m 4¢2 !xgo Edt§x§0+ﬁ(dt! .}30)_}3.0-9‘2'(?.0'20) as Y (5)
m

Multiplying (2) scalarly by B, we get

d :
mgp I8, * 4E'R, (6)
from which it follows after multiplication by gc)qz/h3 that
2 3
a (. d q /
e e oB az —— E'B B o
= ae BB, - HE-B) B (7)
1 2°
And operating on (2) with = *— we get
m atz
3 22 c
__d.— v = 9- ?{L'\ E + S. _.d_': vx B " (8)
atd = om 4¢? m o gg2 = ~°

We note that the second term on the right side of (8) is identical to tne
term on the left side of (5). And the second term on the right side of
(5) is identical to the left side of (7)., With these observations it is

clear that (5), (7), and (8) yield

2 2 3
4 y.@pR Ly - 1L 5.+ L ExB+L (B-BB . )
dt3 o m e av mooqee T m2 dt m) e \%

Since no term in (9) contains az product of time-dependent functions, we are
" . | -iwt .
free to restrict the time dependence to e by replacing &/t by -~iw,

etc, Thus (9) becomes
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- {L =G /g 5B éQ:- 2 3 qﬂ 4 93 .

A L 247 \m EO) w m E iﬂ)m2 E X HO + m3 (E BO) 30 Y (10)
The term (g _072 is a scalar and equal to the square of the gyrofrequency
W,y ioec,

2 I q
- - B . l B 11\
“g m "o) ( m SR (1L}

Without loss of generality we introduce a rectangular coordinate
system so oriented that go lies along the z-axis. If we denote the unit

vectors along the coordinates axis by a_, a_, and s _, we can write

X

o
= . = 1 - B = a
- Ez Bo’ E EO Ez Bo ’ and E X Eo ﬁx:Ey ho :y

we define the plasma frequency EN by

2 Eg:_ )
0, e (12
(o

where N is the number of slectrons per unit volume, and 80 is the

dielectric constant of vacuum, we can write {10) in the following form:

2

2
£ w £, 0w E o o
o s i e OO.E+ 090 g2 (a E -a Ex)+_§'°.?° g2 Egz
’ - @2-mg2 = 101(w“-mg) xy =¥ w(w'-mg) z 3

(13)
Nqg v 1is the convection current and to it we must add the displacement cur-

rent -iw Eo E in order to obtain the total current J, i.e.,

J = Sie g, Bt NGE o (14)

The X, y, and 3z ' components of J are easily obtained from (13) and (1k).

They are



i _ m2 mz %
¥ O o -
: . . e -1 € i
1 Iy lo [E,(1 - 5 w?_) Ey 5 m———-——‘g—(wzwz) 7
. g €
3
1 "4 ¢ (.'J02 o, “’02 ) E - .
- - PR =SSV - WSO + - e ——— 4
. JY im - 0 ot 2 ?) Ex ﬁo (1 2 2 y \*5)
.z wW(W™ ~w "/ W - i
g 4
(1)02
J --1m[£(1--—2-) E]
z o ]
[A)
- It is suggestive to write (15) in the following manrer:
J = -iw £ _E -iw € E
x xx x Xy vy
g = -iw & E -iw € E (16)
y x x v oy
gy = -1lw Ezz mz
where 2
' £ - £ (1-—=2—)=¢
pled ) Y Yy
g
"n‘ 2 ()
€ o % £
xy = -1 E . s—~-= = ¢ : a7
0 o0 ~w ) yx
8
£ e "902
22 - “o a- -5~ .
@ -
; Wa con express (16) as a tensor equations
d=-1a(E) - E (18)

where (€} 1is the divlectric tensor whose matrix is

{
-
|
%

B S ] S 2
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(&) = | & &y 0 (19)
1 T
\ 0 0 tzz/

It is important to note that €& = € and £ = - § and that
xx ¥ xy yx
the dlagonal components are purely real whereas the off-dlagonal components

are purely imaginary. To place this in evidence we let

8xy - 18,7{3,' and 8yx - -16yx' (20)

where €_ ' and 8yx. are purely real. Consequently (19) becomes

xx 'xy
= = 1 \ 21)
(£) - | 1&.yx E’w 0 | (21)
\ i
\ o 0 Eqp /
where "2
E 1 a o ...::9_._0:5____ - £ v, (22)
xy Wl = “gz) yx

When the applied magnetocstatic field vanishes (Bd——>0) ve ses that

Exv'-—>0 , £ 1-»0, and the diagonal terms become equel to

o R,

£,(1 = u%?/a@). The electron gas is isotropic vhen B_= 0 ,

o]

Wave Propacation in Tenscr Dieleciric Medium

Now we investigate the propagation of a plane electromagnetic wave

through a medium whose permeability is p, and whose dislectric constant

A L i o o —
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i is (€). As ghown in Figure 1,

o

and

| where {£) is the dielectric

,,
—
ko]

[
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¥ displacement vecior, i.s., D = {

n

v /1

<SRN~
- " a a,
] / \?‘»\y

Fig, 1. Arbitrary direction n
of wave propagation in slectron
gas with applied magnetic field
B

8.

n denctes a unit vector in the direction

of wave propagation. We lat k

dencie the vector propagaticn constani;
and herce k = n % where v 18 the
phase velocity, Also we let r be a
position vector, i.e.,

r=a,x*a

Yy +a 2 . The electric

Yy
vector of a piane wave traveling in

the direction n has the form

iker -iwt
E=E e~ ~ ¢ (23)

- o

whare §° is a constant, To determine the equation that E must satisfy,

VxH = -1w(€) - E (24)

VUxE= iop

H (25)

tensor and the product (&) + E is the

g \
\\ / & 1
L - | "y (26)
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It follows from (24) and {25) that

2
Vx9UxE = o u0(8)~§ (27)
Since
ik~ ik.r ik-*r
Vx‘ngne" E(K.goe——)*;'lﬁgoe——i‘

w2 obtain upon substituting (23) into (27)

dker iker 2 ik.r
kekEje = T-k(k:E e™ T)ww p (E)+E e~ = . (28)

Canceling out the exponential factor, recalling that k = n o/fv,
=1// U, €, s and n + n =1, we obtain

v (E)-E
e —% : (29)

O

-nla-E) -

E
-0 -0

Without loss of generality we rotate the coordinzte system about the z-axis
so that © = n/2 and n 1lies in the yz plane. Therefore, in (29)

n-a sing + a_ cos g, n- E - Eoy sin ¢ + E__ cos @, and the

C

X,¥,% components of the vector equation (29) are

€

\r“ Vx}: 72 xv
= -~ "5 - . — Y 4 -
EOX a T) E ( 02 'E?: +0 0 (10)
5 —E-'—"x : PR o ‘- )
Ecx =% Lov {cos® @ - 7 E, ) + E, - (-cos @ sin ¢) =0

oy 0% “

7 v Ey
0 + E_+ (cos@sin@®) +E . (sin ¢ - —5"Ef-) = 0.
¢ o
Since these three simultaneous equations are homcgsnscus, for them to yleld

a non-trivial solution it is necessary that the determinant A of the co-

efficients vanish:
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}
g 2 € 2
v xx ve <
! -5 L, 0
b ¢ "O c2 o
i
v2 Eyx 2 v &y ,
; A= (-5 % ) (cos ¢--—2 3 ) {-sin @ cos @) = 0.
i c ) c ) (31)
i
2 £
0 (-8in @ cos #) (singji- = Ezz)
c (o}
In expanding this daterminent we find it convenient to introduce il, Eos
and 53 defined by
£ xx Ex
E, = s 4
1 €, E,
3 -
£, = w?E 4 g (22)
2 E £ » N
o o
£ . Ezz
3 g, :
With a littie algebraic manipulation (31) leads to
2 2
1 v 1
('f2' = =) (—é' - T)
tan d= - c 1l ¢ 2 y
B 2 . ) . \33)
S-S -2+ D
R 53"cc ELul 524
. 2 .
This equatiui: is of the second degree in -5 and always has two resal rcots,
3 c
When (f = 0 propagation is along the z-axis and it follows from
' (17), (32), and (33) that
) ve _ 1 1 1
—— W = = IJ
c? ??I € ox . €y o w°2 (34)
¢ "o w(o=-w )
i

\{ w -
i | -
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g 21 1 1

; @ & Ea, By T e
€o E’o wlw+w_ )

g

| Therefore, the two propagation constants for waves traveling parallel to

_I_i_o are given by the following two expressions.

, ¥ 1s equal Y0 w/2 and in this case we have

zﬁ N o . i
2 £ 3
c ~ 2
3 22 1 - “o?/b
and
2 - N 1
v L L 1
— b ( + 1—) -
02 2 El 82 L. mOZ/mZ

w4l 23
1 @y Jw ws")
The corresponding two propagation factors are

k! = wa€‘¢1~m2m2
"/2 G o (o)

and

/ w2 fu?
K" = otfp g 1. Q0
n/2 Y7o "c y 3 mgz/(mz-wg)

|
[

Morecver, when the propagation is along the y-aris, i.e., perpendicular to

(38)

(39)

(4o)

(1)
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Up to now we have deduced z formula {33} which allews us to

compute the phase velocity of a wave propagating in an arbitrary direc-

i e oo A

tion with resnect to the applied magnetostatic field., We shall con=-

tinue by finding the components of E and #d and thus determine the

Parallel Propagaticn

We have seen that when the direction of propagation is parallel
to the applied magnetostatic field two independent waves are possibles;
one has a propagation constant ko' and the other has a propagation
sonstant kJ', as given by (36) and (37). The two waves have no longi-
tudinal electric field, i.e., Eoz = 0, as can be seen from the third

of equations (30) upon setting @ = C . Nor do they have a longitudinal

component of the magnetic field, i.e., H, = 0, as can be verified by
using {25) and recalling the fact that E, and E_ are independent of
x and y . “herefore, the two waves are purely TEM ,

One of the waves is loft-circularly polarized and the other is

right-circularly polarized. Because they have different velocities, a

superposition of the two ylelds a "linearly” polarized wave whose polari-
2ation direction rotates about the gz-axis. This rotation is 1like the

Faraday rotation of optically active substances.

4 e g vty e

Equations {30) for & = O reduce to

&
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2 & 2 €
v X v XV,
E 1 - e == - e » G
ox b7 ZE By CZTE]
n E b4 (4
-l 4 ‘_":. _E‘ L2 0w 7 A4 Yy PIWSY
Mx V\VC T2 F \'=""‘g}"")"‘0 (u<)
¢ “o oy o2 &y
’ 2 E
: v 22
3 o ('02 _E:) =0
vhere the two values of vz/c.-? are given by (34) and (35). Tne third of
these equations shows us that E_ =0 . When vg/c2 is given by (3L),
) the first equation of (L42) yleids
1 &
o 33 € Cxx Eixi S
oX - 02 [o) Ec E0 :
2 T o e (3)
“oy L= = fxx € xx E':rz\
c¢ “o U= 3 -1 /3 ’ -E
0 o
If we had used the second equation of (L2) we would have cbtained the sams

result. The corresponding propagation factor ko' is given by (36). When

v2/c2 is given by (35), we get in a similar way

<]

X
-E——-- w  af (M&)
oy

Here the propagation factor is k" as given hy (37).

Therefore, the electric components of the two TEM waves propagating parallel

to B_are ik ' 2 i
v Ef = 4Ae ]

(L5)
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E# = (
* (46)
- .~ ik 2 -leb
Bi =3 C e ¢ e
v
e where A aud C are amplitude constants. The corresponding magneiic
field components are easily obtained by applying (25) to {LS) and (46)
thus
iko' 2 ~iwt
i B Hx' = WA ko‘ 2] e
(L7)
) ! -lwt
iwop H! =ik'_’-.aik°zew
o'y o
and
" ikn" 2 "imt
4 ..t H ’ - C% it e = e
i W o x o
(u8)
Y ika’z -Lwt
i oy H" = 1Ck" e e .
{ ¢ ¥ o

These two waves {primed and doukble-primed) when cast into vector form are

ik 'z -iwt
e e

E' =3 E'+a E* =(a -1a )A (L9)
o =X X =y v -x -y
k! TR
Yl - ' ! - - %o &  «-1ut 44
b ac )+ 8 H (1a + E’J)wuo Ae ) {(50)
s k2 -t
E" =g E"+a E" =« (a +ia)Ce e (51)
o A X 4
. o k By ik U % =it
H" = "+ a HY = (-ig +a )} —"—Cs % s {52}
) Exﬂx _"'-},yy ( __x’gylwpo \o=/
It is ejear that these are two plane circularly polarized TEM waves, Their
sum 1is
g ik 'z igt ik'z  <dak
E-Et-fg"ggxgl\eo eu) x.eo e } +
B ! . (53)

e O L 7

IR,
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Ko'  ik'z -dat B dkMa .
H._}iv¢§n.§x{i_‘?_1&eoze.im -i::‘g'u—Ce°zeiwt2+
(Dp-o R v -
. (5k)
a § 5% P ik "z _-lat LN . ik)'z  ~iwt )
—y . e e + e (] .
® iy ® By

We see that E « H= 0 and hence E and H are perpendicular, as are
E', H' and E", H" . To study the polarization of the composite wave we

consider the ratio E_J/Ex . From (53) we know that
y

g . e _ b 1 »
E ik tg ik kgl = ko' =
_J_K__Ae° +Ce © 2 . . 1r(c/A) e N b (55)
E ik '3z 1k " v TR :
Y iAe ©  +4iCe ©% 1-=(C/A)e"‘ k') 2
If we choose the amplitudes A and C to be equal, we get
E" k 1 k"
E'E = cot ( -9—--2—9— z) . (56)

Therefore, the rotation of the resultant vector E about the z-exis per
unit length of travel is equal to (k. ' -k ")/2 . Thio rotaticn is called
Faraday rotation and we denote it by T, i.e.,

To Mo’ “ ko’

2 . (57)

- ” I
k'skS or k°‘< ko . Substituting (36) and (37) into {57) we get the

Faraday rotation as a function of frequency:

2 w2 |
T = mmj \Il - ;—(-;:; y - ‘Vl } (58)

w(o+tew ) g )

B i S vem————
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Perpendicular Propagation

When the direction ef propagation is along any direction in 2z = O
plane, two independent waves are possible. One has a propagation constant

b /2 and the otner, k¥ /2 tlowever, in contradistinction to the
n L

case of parallel propagation, only one of the waves is TEM while the other

is ™M .

The TEM wave has an electric field component paralilel to Eo and
a magnetic field component perpendicular to 26 and n . The propagation
factor l(;/z of this wave is independent of Eo and hence 18 the same as
that of a wave traveling through en electron gas without any applied mag-

netostatic field.

The TM wave has a magnetic component parallel to go . Its

propagation factor k" . does depend on Bo N
7

The TEM wave is linearly polarized paralle}l ¢c B_. However, a
¥ P =0 5

superposition of the TEM wave and the ™M yields a composite wave which is
elliptically polarized. BEy this case wherein the rotation is dus to a
perpendicular magnetic fleld the reader will be reminded of the Cotton-

Mouton effect of optically active substances.

heferences
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